STATEMENT OF THE PROBLEM
The physical mechanisms and consequences of the interaction between ship propeller and rudder have been the focus of considerable research effort in the recent years (see for example [2, 4, 5, 6] ). The results of this research show first of all that cavitation on the rudder is a fairly frequent phenomenon and that its consequences may be as important for the ship operation as cavitation on the propeller itself. Secondly, it seems that sufficiently accurate prediction of sheet cavitation on the rudder is practically possible using variety of methods, ranging from boundary element method to commercial RANS codes. However, it seems that another aspect of propeller -rudder interaction has not received sufficient attention yet. This aspect is the propeller cavitating tip vortex interaction with the rudder.
Cavitation tunnel experiments with propeller -rudder configurations show that this interaction leads to very dynamic behaviour of the sections of the cavitating kernel in the vicinity of the rudder leading edge. Examples of the selected stages of this process are shown in Figs. 1, 2, 3 and 4. Careful analysis of the photographs shows that the sections of the tip vortex cavitating kernel at first enter the high pressure area in front of the rudder leading edge stagnation point, where they undergo Simultaneous measurements of pressure pulses on the ship hull model with and without rudder show a considerable increase of pressure harmonic amplitudes with rudder present -cf. Tab. 1. In this case all three pressure pick-ups are located along the ship symmetry plane, with point no. 1 located in front of the propeller, point no. 2 directly above propeller and point no. 3 at the rudder leading edge. The details of the model propeller rudder configuration are shown in Fig. 8 . The Tab.1 includes amplitudes of the first blade frequency harmonic A1 and second harmonic A2, both re-calculated to full scale. As there was no cavitation on the rudder at zero deflection angle and no visible change in cavitation on the propeller blades due to rudder presence, this increase may be attributed to the above described dynamic interaction of the cavitating tip vortex with the rudder. A marked increase in the higher order harmonic amplitudes points to the complicated character of this interaction.
The above presented experimental evidence was the inspiration for development of the model described in [9] and this paper. The primary purpose of this model is to enable calculation of the additional pressure pulses generated by the cavitating tip vortex in interaction with the rudder. 
DESCRIPTION OF THE COMPUTATIONAL MODEL
The model of the propeller tip vortex interaction with the rudder presented in this paper was developed as an extension of the lifting surface method for prediction of unsteady propeller cavitation [7] , [8] . This method was modified recently to include the unsteady hydrodynamic interaction between propeller and rudder. The original method produces the time-dependent intensity of the propeller tip vortex as the function of the variable loading of the propeller blade passing through the nonuniform velocity field of the ship wake. Typically the tip vortex is divided into sections corresponding to the angular propeller blade step of 5 deg, each section having constant vortex intensity. Geometry of the tip vortex follows the streamline, including the velocity induced by the propeller and by the rudder. The sketch of this model is shown in Fig. 5 .
The extended tip vortex model is based on the following assumptions: the velocity and pressure fields induced by the vortex is calculated by using the Rankine vortex model the diameter of the Rankine vortex kernel is related to the boundary layer thickness in the tip region of the blade the cavitating vortex kernel of the tip vortex is divided into small sections, each of which is modelled by a circular cylinder dynamics of each section is modeled by a properly adapted Rayleigh-Plesset equation solved numerically in the time/ space by using Runge-Kutta method the primary purpose of the model is to describe the first cycle of compression/rebound of the cavitating tip vortex sections, disregarding subsequent disintegration of the vortex kernel into bubble and cloud cavitation. Such simple model does not account for many of the complicated vortex flow phenomena (cf. [3] ), but still is able to reproduce the basic, physically realistic dependence of the generated pressure pulses on the basic mechanisms of the propeller -rudder interaction.
In the numerical model developed under the above assumptions each element of the cavitating tip vortex is treated as an independent section of an infinite circular cylinder, filled with gas/vapour mixture and acted upon by the external pressure field which is generated due to interaction of propeller and rudder. Propeller effect is calculated by using lifting surface theory, while rudder effect is calculated by using boundary element method. Example of the pressure field calculated by using this approach in the vicinity of the rudder leading edge at zero deflection is shown in Fig. 6 . This figure shows the pressure distribution in the horizontal plane located above propeller shaft and passing through the point where vortex hits the rudder. The orange and red colours show the region of reduced pressure while the shades of green and blue show the regions of increased pressure. The asymmetry of the pressure distribution despite the nominal zero rudder deflection results from the propeller induced velocity, which generates a nonzero angle of attack. In the Rankine vortex model all vorticity is concentrated inside a finite diameter core, which rotates as a rigid body, while the flow around the core is irrotational. This leads to the following formulae for the tangential induced velocity: for r ≥ R C (1) for r ≤ R C (2) where: Γ -the vortex circulation, r -the radial coordinate, R C -the radius of the Rankine vortex core.
Vortex circulation in the above formula is taken from the unsteady lifting surface model of the propeller blade and is a function of propeller blade position. The vortex core radius is usually related to the boundary layer thickness in the tip region of the blade, in this case at the relative radius 0.95. This leads to the following approximate relation: (3) where: Re -the Reynolds number, C -the blade section chord length at relative radius 0.95.
Then the pressure distribution around the Rankine vortex may be determined according to the following formulae:
for r ≥ R C (4) for r ≤ R C (5) where: p ∞ -the pressure far away from the vortex ρ -the water density r -the radial coordinate.
The minimum pressure is attained in the vortex centre and its value may be determined as: (6) The inception of the tip vortex cavitation is determined by analyzing the behaviour of a cavitation nuclei in the pressure field generated by the tip vortex. It is assumed that nuclei present in water are sucked due to pressure force into the vortex centre and then their dynamics is studied using the standard Rayleigh -Plesset equation for a gas-filled spherical bubble: (7) where: R B -the bubble radius Δp -the pressure difference across the bubble wall t -the time σ -the water surface tension μ -the dynamic viscosity coefficient.
The above given equation is solved numerically by using Runge -Kutta method with a very short time step of 1 [µs]. The pressure difference governing the bubble growth is computed in each time step from formulae (4,5,6). The initial conditions for this solution must include the initial bubble radius. In most calculations it is taken equal to 0.05 [mm] , which corresponds to the typical size of cavitation nuclei present in the water. Inception of tip vortex cavitation is signalled when the bubble radius reaches the value of 0.25 [mm] . This value is in fact an empirical calibration parameter, determined on the basis of comparison of experimental and calculated inception conditions.
Once the inception of the tip vortex cavitation is diagnosed the initial radius of a cylindrical section of the cavitating kernel, just after leaving the blade, may be determined as: (8) where: p V is the critical vapour pressure. 
The dynamics of each section of the cavitating vortex kernel is calculated by using the Rayleigh-Plesset equation adapted to the cylindrical geometry. In this case the flow is treated as two-dimensional and purely vaporous content of the kernel is assumed, what leads to the following equation: (9) where: R -the radius of the cylindrical section of the cavitating vortex kernel t -the time σ -the surface tension of water μ -the dynamic viscosity of water ρ -the density of water Δp -the pressure difference across the vortex kernel wall.
This equation is solved numerically by using the RungeKutta method. In the solution process two levels of time steps are used. The first level time step ∆T is related to the propeller blade angular step in the non-uniform inflow and typically it is of order of 5 -10 milliseconds in full scale and 0.5 -1.0 milliseconds in model scale. The second level time step is used in numerical solution of the dynamics equation (1) and is typically taken as ∆t=0.01∆T, i.e. 50 -100 microseconds in full scale or 5 -10 microseconds in model scale, although this may be varied if necessary. The external pressure acting on each vortex section is taken at the section centre and linearly approximated within each time step ∆T. The numerical solution of equation (1) is based on the initial conditions defining R and dR/dt and it yields the values of R and dR/dt at the end of each time step ∆T. These values replace the initial values for the same vortex section in the next time step. The entire procedure is illustrated in Fig. 7 . When the values of R and dR/dt are determined for each ∆T the effect of the cavitating tip vortex dynamics on the pulsating pressure field generated by the entire propeller -rudder system, may be calculated. This is done following the approach already incorporated in the propeller analysis method [8] . In this approach each cavitating tip vortex section is modelled by a point source, described by its mean value Q, constant within each ∆T and reflecting the quasi-steady displacement effect and by dQ/dt, reflecting the vortex dynamics. Both these values are employed in calculation of pressure pulses according to the linear form of the Cauchy-Lagrange equation: (10) where: P H -the pulsating pressure V S -the ship velocity l -the distance from source to the calculation point x -the component of r in direction of ship velocity.
The sources in the above given equation are calculated in the following way:
where: D -the propeller diameter n -the number of propeller revolutions per second
The equation for P H yields the values of the variable part of pressure at prescribed locations for each ∆T, i.e. for each analyzed angular propeller blade positions. These values are added to the contributions from propeller hydrodynamic loading and thickness, from rudder loading and thickness and from cavitation phenomena developed on the propeller and rudder. The total pressure pulses are resolved into harmonics.
COMPARISON OF THE CALCULATED AND EXPERIMENTALLY MEASURED RESULTS
The above described numerical method was used to calculate the pressure pulsations induced by the cavitating tip vortex interacting with the rudder. The calculation was performed for the full scale configuration corresponding to the model used in the experiments presented in the Introduction. The configuration is shown in Fig. 8 
CONCLUSIONS
The above presented model of interaction of the propeller cavitating tip vortex with the rudder incorporates the influence of the following important factors on the cavitating tip vortex dynamics: structure of the non-uniform velocity field at the inflow to the propeller, geometry and operating parameters of the propeller, geometry, location and deflection of the rudder.
Initial results of the calculations show that the new model is fully capable of predicting realistically the additional pressure pulses generated by the interaction of the cavitating propeller tip vortex with the pressure field around the rudder.
The model obviously does not account for important secondary phenomena such as the disintegration of the vortex in the rebound phase, described for example by Tunc and Delale [10] . As this disintegration process dissipates energy it may be expected that the simple model above presented has the tendency to overestimate the induced pressure pulsations. This means that the calculation results should be on the "safe side". 
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